
JOURNAL OF SPACECRAFT AND ROCKETS

Vol. 42, No. 5, September–October 2005

Lateral Motion of Free-Rolling Tail Rockets in Free Flight

J. Morote∗

National Institute of Aerospace Technology, 28850 Madrid, Spain

A study of the dynamics of free-rolling tail configurations is presented. The linearized theory of symmetric
missiles motion is extended to free-rolling tail configurations to define a dynamically equivalent fixed-tail rocket.
The asymmetries effect is introduced by small forcing functions at body and tail roll rate frequencies. Finally,
Magnus effects and conditions at resonance and resonance lock-in are discussed.

Nomenclature
CD = drag force coefficient
CLα = lift force coefficient slope
Cli = induced roll moment coefficient
Clp = roll damping moment coefficient
ClδT = roll effectiveness moment coefficient
CM eiφM = complex moment coefficient, Cm + iCn
CMB,T 0eiφM0 = asymmetry moment coefficient
Cmpα = Magnus moment coefficient
Cmq , Cmα̇ = pitch damping moment derivatives
Cmα = pitching moment coefficient slope
CN eiφN = complex force coefficient, Cy + iCz
CNB,T 0eiφN0 = asymmetry force coefficient
CN pq , CN pα̇ = pitch–yaw force derivatives
CNq , CN α̇ = pitch–yaw force derivatives
CNq̇ , CN pq̇ = pitch–yaw force derivatives
CN pα = Magnus force coefficient
CNα = normal force coefficient slope
C∗

� = C�(ρSD/2 m)
C∗

�B,T = C�B,T (ρSD/2 m B,T )
D = reference length, missile diameter
g = gravity acceleration
Ix = global axial moment of inertia
Ix B,T = body or tail axial moment of inertia
Iy = transversal moment of inertia
ka = axial radii of gyration
kt = transverse radii of gyration
lB = dimensionless distance between body

and global c.g.
lBT = dimensionless distance between body and tail c.g.
lT = dimensionless distance between tail

and global c.g.
m = mass
pB,T = body or tail roll rate
q = pitch rate
qd = dynamic pressure
r = yaw rate
r̂ = radial offset of c.m.
S = reference area, π D2/4
s = dimensionless arclength,∫ t

to

(V/D) dt
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t = time
u = X -velocity component
V = missile speed
v = Y -velocity component
w = Z -velocity component
α, β = angles of attack and sideslip
γ = u/V
δ = fin cant angle
� = angle between the longitudinal axis

and the horizontal
ιB,T = Iy/Iy B,T

κ = bearing friction moment coefficient
λ j = damping rates
µ = (q + i r)D/V
ξB,T = steady-state trim angles for body or tail

asymmetries
ξb,t = ξ̃ in body- or tail-fixed axes
ξ̃ = β̃ + i α̃ complex angle of attack in nonrolling

axes system, (v + iw)/V
ρ = density
σ = Ix/Iy

σB,T = Ix B,T /Iy

φ = roll angle,∫ t

to

p dt

φ′
B,T = dimensionless body or tail roll rates, pB,T D/V

φ′
j = modal frequencies

Subscripts

B = body
e = steady
F = fixed-tail configuration
g = gyroscopically equivalent
m = Magnus equivalent
r = resonance
st = static
T = tail

Superscripts

· = differentiation with respect to t
′ = differentiation with respect to s

˜ = nonrolling axes

Introduction

T HE free-rolling tail concept is a practical means of reduc-
ing unwanted roll control reversals in canard-controlled mis-

siles at low angles of attack.1 A freely spinning stabilizer im-
mersed in the canard downwash flowfield does not transmit undesir-
able induced roll moments to the body. Experimental wind-tunnel
investigations2 were conducted, and several designs present this
configuration [MAGIC R.550 and Guided Multiple Launch Rocket
System (GMLRS)].
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The free-rolling tail arrangement was proposed3 to reduce disper-
sion due to the manufacturing tolerances of ballistic configurations,
while lessening instabilities such as roll resonance and the catas-
trophic yaw associated with fixed-cruciform stabilizers. Free-rolling
tails on non-maneuvering missile systems and free-fall stores were
both wind-tunnel and free-flight tested.3,4

This paper presents a study of the dynamics of slightly unsym-
metrical free-rolling tail configurations and defines a dynamically
equivalent fixed-tail missile. The free-rolling tail separates body
and tail lock-in occurrence, which may improve the performance
of some types of vehicles. The coupling introduced by the bearing
friction and the effect of proximity between rates can affect body or
tail lock-in at a faster timescale than that associated with changes
in environmental conditions.

Equations of Motion
The lateral motion of a free-rolling tail rocket may be described

by two rigid solids with mutual interaction consisting of a transverse
force and a moment. The two vectorial equations for the body in an
inertial coordinate system are

m BV̇B = FA + m Bg + FTB (1a)

ḢB = MA + MTB (1b)

where FA and MA are the aerodynamic force and moment and
FT B, MT B are the interactions of force and moment between the
tail and body.

In a body-fixed system of axes at the body’s c.g., where X is
the centerline of the body positive forward, Y is perpendicular to
plane of symmetry positive to the right when looking forward, and
Z is perpendicular to both the X and Y axes positive downward,
and under the assumption of mass rotational symmetry, products of
inertia zero and horizontal flight, the main vectors are

VB = (uB, vB, wB) (2a)

ΩB = (pB, qB, rB) (2b)

g = (0, gy, gz) (2c)

HB = (Ix B pB, Iy BqB, Iy BrB) (2d)

For a nonrolling coordinate system at the body’s c.g. X ′Y ′ Z ′

(Fig. 1), where the velocity is (uB, ṽB, w̃B), the angular velocity
is (pB, q̃B, r̃B), and the angular velocity of the coordinate system is
(0, q̃B, r̃B), the four transverse components derived from the vecto-
rial equations are

˙̃vB + uBr̃B =
(

ρSV 2

2m B

)
C̃y B + g̃y + F̃Y TB

m B
(3a)

˙̃wB − uB
˙̃q B =

(
ρSV 2

2m B

)
C̃zB + g̃z + F̃ZTB

m B
(3b)

˙̃q B + Ix B

Iy B
pBr̃B =

(
ρSV 2 D

2Iy B

)
C̃m B + F̃ZTBlBT D

Iy B
+ M̃Y

Iy B
(3c)

˙̃r B− Ix B

Iy B
pBq̃B =

(
ρSV 2 D

2Iy B

)
C̃nB − F̃Y TBlBT D

Iy B
+ M̃Z

Iy B
(3d)

Fig. 1 Nonrolling systems of axes.

where the aerodynamic force and moment components were ex-
pressed in the usual dimensionless form. When time is replaced by
dimensionless distance as an independent variable,

V̇ = dV

dt
= dV

ds

ds

dt
= V ′ V

D
= −ρSCD V 2

2m

⇒ V ′

V
= −ρSDCD

2m
= −C∗

D (4)

and the four transverse components of motion are reduced to a pair
of equations by using complex variables,

ξ̃ ′
B − ξ̃BC∗

D − iγBµ̃B = C̃∗
NBeiφNB + (g̃y + i g̃z)(D/V 2)

+ [(F̃Y TB + i F̃ZTB)/m B](D/V 2) (5a)

µ̃′
B − C∗

Dµ̃B − iσB ιBφ′
Bµ̃B = C̃∗

MBeiφMB k−2
t B

+ (D3/V 2)[(F̃ZTB − i F̃Y TB)/Iy B]lBT

+ (D2/V 2)[(M̃Y + i M̃Z )/Iy B] (5b)
For the tail, in a nonrolling coordinate system parallel to that of the
body X ′′Y ′′ Z ′′, at the c.g. (Fig. 1),

ξ̃ ′
T − ξ̃T C∗

D−iγT µ̃T = C̃∗
NT eiφNT + (g̃y + i g̃z)(D/V 2)

− [(F̃Y TB + i F̃ZTB)/mT ](D/V 2) (6a)

µ̃′
T − C∗

Dµ̃T − iσT ιT φ′
T µ̃T = C̃∗

MT eiφMT k−2
tT

− (D2/V 2)[(M̃Y + i M̃Z )/IyT ] (6b)
the actions between the body and tail are equal but with opposite
signs. The force exerted by the body on the tail is considered to be
applied to the c.g. of the tail.

When a third set of nonrolling axes at the global c.g. of the rocket
XY Z is considered, where the velocity is (u, ṽ, w̃), the angular ve-
locity is (p, q̃, r̃), and the angular velocity of the coordinate system
is (0, q̃, r̃), the following kinematic relationships will hold:
µ̃B = µ̃T = µ̃ (7a)

(uB, ṽB, w̃B) = (u, ṽ, w̃) + (0, q̃, r̃) ∧ lB Dī

= (u, ṽ + r̃ lB D, w̃ − q̃lB D) (7b)

(uT , ṽT , w̃T ) = (u, ṽ, w̃) + (0, q̃, r̃) ∧ (−lT D)ī

= (u, ṽ − r̃ lB D, w̃ + q̃lB D) (7c)
Therefore,

uB = uT = u (8a)

ξ̃B = (ṽB + iw̃B)/V = ξ̃ + (r̃ lB D − i q̃lB D)/V = ξ̃ − iµ̃lB (8b)

ξ̃T = (ṽT + iw̃T )/V = ξ̃ + (−r̃ lT D + i q̃lT D)/V = ξ̃ + iµ̃lT (8c)

Relations (8) are substituted in Eqs. (5) and (6), thus, the four-
equation system is arrived at:

ξ̃ ′ − iµ̃′lB − C∗
D ξ̃ + C∗

Diµ̃lB − iγ µ̃ = C̃∗
NBeiφNB + (g̃y + i g̃z)

× (D/V 2) + [(F̃Y TB + i F̃ZTB)/m B](D/V 2) (9)

µ̃′ − C∗
Dµ̃ − iσB ιBφ′

Bµ̃ = C̃∗
MBeiφMB k−2

t B + (D3/V 2)[(F̃ZTB

− i F̃Y TB)/Iy B]lBT + (D2/V 2)[(M̃Y + i M̃Z )/Iy B] (10)

ξ̃ ′ + iµ̃′lT − C∗
D ξ̃ − C∗

Diµ̃lT −iγ µ̃ = C̃∗
NT eiφNT + (g̃y + i g̃z)

× (D/V 2) − [(F̃Y TB + i F̃ZTB)/mT ](D/V 2) (11)

µ̃′ − C∗
Dµ̃ − iσT ιT φ′

T µ̃ = C̃∗
MT eiφMT k−2

tT − (D2/V 2)

× [(M̃Y + i M̃Z )/IyT ] (12)
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Forces
If Eq. (9) is multiplied by m B and added to Eq. (11) multiplied

by mT , Eq. (13) is obtained:

ξ̃ ′ − C∗
D ξ̃ − iγ µ̃ = C̃∗

N eiφN + (g̃y + i g̃z)(D/V 2) (13)

where C̃∗
N eiφN represents the total aerodynamic force coefficient act-

ing on the configuration and where the equality m BlB D = mT lT D
is introduced.

Moments
The total aerodynamic moment acting on the configuration

(ρSDV 2/2)C̃M eiφM = (ρSDV 2/2)C̃MBeiφMB

+ (ρSDV 2/2)C̃MT eiφMT + (
ilB DρSV 2

/
2
)
C̃NBeiφNB

− (
ilT DρSV 2

/
2
)
C̃NT eiφNT (14)

can be obtained by combining Eqs. (9–12), as follows:

(ρSDV 2/2)C̃M eiφM = mV 2C̃∗
M eiφM V 2

{(
Iy B

/
D2

)〈(10)〉

+ (
IyT

/
D2

)〈(12)〉 + m BilB〈(9)〉 − mT ilT 〈(11)〉} (15)

By substitution of the terms shown, and by the introduction of
Iy = Iy B + IyT + m Bl2

B D2 + mT l2
T D2,

µ̃′ − C∗
Dµ̃ − iµ̃(σBφ′

B + σT φ′
T ) = C̃∗

M eiφM k−2
t (16)

Equations (13) and (16) describe the lateral motion of a free-rolling
tail configuration. The differences with respect to the equations de-
scribing the lateral motion of a fixed-tail rocket5 arise from the
existence of two different roll rates.

Linearization of Forces and Moments
Forces

The term representing the total aerodynamic force coefficient act-
ing on the configuration C̃∗

N eiφN of Eq. (13) is

(ρSD/2m)C̃N eiφN = (ρSD/2m)
[
C̃NBeiφNB + C̃NT eiφNT

]
(17)

In the nonrolling body c.g. centered-fixed system, the body force
coefficient can be linearized as follows5:

C̃NBeiφNB = −[CN̂ Bα + iφ′
BCN̂ Bpα]ξ̃B − [φ′

BCN̂ Bpq + iCN̂ Bq ]µ̃B

− [CN̂ Bα̇ + iφ′
BCN̂ Bpα̇][ξ̃ ′

B + iφ′
B ξ̃B] − [φ′

BCN̂ Bpq̇ + iCN̂ Bq̇ ]

× [µ̃′
B + iφ′

Bµ̃B] (18)

where the tilde superscripts denote aerodynamic coefficients in the
body c.g. centered nonrolling system. If the kinematic relations (8)
are substituted into this expression, the change in aerodynamic co-
efficients when expressed with respect to the global c.g. is taken into
consideration, and all coefficients without a measurable effect are
omitted,5 then Eq. (18) takes the final form

C̃NBeiφNB = −[CNBα + iφ′
BCNBpα]ξ̃ − iCNBq µ̃ − CNBα̇ ξ̃ ′ (19)

Likewise, the tail force coefficient can be expressed as

C̃NT eiφNT = −[CNT α + iφ′
T CNT pα]ξ̃ − iCNT q µ̃ − CNT α̇ ξ̃ ′ (20)

Therefore, the total aerodynamic force coefficient acting on the con-
figuration is

C̃N eiφN = −[CNα + iφ′
BCNBpα + iφ′

T CNT pα]ξ̃ − iCNq µ̃ − CN α̇ ξ̃ ′
(21)

where

CNBα + CNT α = CNα (22a)

CNBα̇ + CNT α̇ = CN α̇ (22b)

CNBq + CNT q = CNq (22c)

Moments
The total aerodynamic moment acting on the configuration is

C̃M eiφM = C̃MBeiφMB + C̃MT eiφMT + ilBC̃NBeiφNB − ilT C̃NT eiφNT

(23)
By repetition of the derivation used with forces, Eq. (23) becomes

C̃M eiφM = [φ′
BCm Bpα + φ′

T CmT pα + lBφ′
BCNBpα − lT φ′

T CNT pα

− iCmα]ξ̃ + Cmq µ̃ − iCmα̇ ξ̃ ′ (24)

where

Cm Bα + CmT α + lBCNBα − lT CNT α = Cmα (25a)

Cm Bq + CmT q + lBCNBq − lT CNT q = Cmq (25b)

Cm Bα̇ + CmT α̇ + lBCNBα̇ − lT CNT α̇ = Cmα̇ (25c)

The differences between linearized expressions for force and mo-
ment coefficients compared to those for a fixed-tail rocket5 arise
once again from the existence of two roll rates.

Differential Equation of Motion
If Eqs. (21) and (24) are substituted into Eqs. (13) and (16), and

µ, and µ′ are eliminated, the linear differential equation of motion
will be

ξ̃ ′′ + A1ξ̃ ′ − A2ξ̃ = A3 (26)

where the coefficients are

A1 = C∗
Lα − C∗

D − k−2
t

(
C∗

mq + C∗
mα̇

) − i(σBφ′
B + σT φ′

T ) (27)

A2 = k−2
t C∗

mα + i(σBφ′
B + σT φ′

T )C∗
Lα + ik−2

t (ρSD/2m)[φ′
BCm Bpα

+ φ′
T CmT pα + lBφ′

BCNBpα − lT φ′
T CNT pα] (28)

A3 = (σBφ′
B + σT φ′

T )(gD/V 2) (29)

where a flat trajectory was assumed, arc length derivatives of the
lift and Magnus force coefficients were omitted (see Ref. 5) and the
approximation C∗

Nα − C∗
D ≈ C∗

Lα was introduced.
Equivalent gyroscopic and Magnus roll rates pg and pm are

introduced:

σφ′
g = σBφ′

B + σT φ′
T (30)

φ′
mCmpα = φ′

BCm Bpα + φ′
T CmT pα + lBφ′

BCNBpα − lT φ′
T CNT pα (31)

where Cmpα is the Magnus moment coefficient derivative of the
configuration with the tail fixed and φ′

m is the roll rate, giving a
Magnus moment equal to the Magnus moment of the free-rolling
tail rocket.

Now, a modified Magnus moment coefficient derivative is
considered:

Cm̂ pα = Cmpα(pm/pg) = Cmpα(φ
′
m/φ′

g) (32)

where, for a given configuration, the ratio φ′
m/φ′

g is assumed to be
independent of roll rates.

In terms of the definitions (30–32), the coefficients of the linear
equation of motion (26) are

A1 = C∗
Lα − C∗

D − k−2
t

(
C∗

mq + C∗
mα̇

) − iσφ′
g (33)

A2 = k−2
t C∗

mα + iσφ′
g

(
C∗

Lα + k−2
a C∗

m̂ pα

)
(34)

A3 = σφ′
g(gD/V 2) (35)

The resulting differential equation (26) describes the lateral motion
of a symmetric fixed-tail rocket with a roll rate φ′

g given by Eq. (30)
and a modified Magnus moment coefficient derivative Cm̂ pα given
by Eq. (32).
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Magnus Effects on Free-Rolling Tail Missiles
By the use of Eq. (30), the determination of the gyroscopic equiv-

alent roll rate φ′
g at any trajectory point for given body and tail roll

rates is straightforward. However, the equivalent Magnus rate φ′
m or

the Cm̂ pα value to be introduced into Eq. (26) is not very clear.
In a missile employing canted fins to produce the roll rotational

speed to reduce dispersion, a free-rolling tail will attain considerably
higher pT rates than the whole configuration with the tail fixed pF .
The body spin pB will keep well below the fixed-tail configuration
rate pF because it is accelerated only by the deliberately small body-
tail bearing friction. If Magnus effects were mainly the result of the
body spin, free-rolling tail configurations would be comparatively
free from these effects because of lower body roll rates. Unfortu-
nately, this is not so. There are additional sources of Magnus force
and moment due to body–tail interference, leading-edge suction,
and fin cant (see Refs. 6 and 7).

Wind-tunnel and flight testing of free-rolling tail configurations4

show that the Magnus force and moment are nearly identical for both
the fixed and the free-rolling tail for a given configuration at small
angles of attack when the fin cant angle is kept constant. At higher
angles of attack, Magnus moments are smaller for free-rolling tail
configurations. No matter what means of producing roll rotational
speeds is used, according to these results, it may be advisable to
assume parity between Magnus effects for the free-rolling tail and
the fixed-tail rocket at low angles of attack:

φ′
BCm Bpα + φ′

T CmT pα + lBφ′
BCNBpα − lT φ′

T CNT pα

= φ′
mCmpα ≈ φ′

F Cmpα ≈ φ′
gCmpα (36)

The last equality is based on the assumption that pg is a good
approximation of the fixed-tail configuration rate pF , provided that
the damping in roll is not too large.

By the introduction of Eq. (32) into Eq. (36),

Cm̂pα ≈ Cmpα

At higher angles of attack

φ′
mCmpα ≺ φ′

F Cmpα ≈ φ′
gCmpα (37)

By the introduction of Eq. (32) into Eq. (37),

Cm̂pα ≺ Cmpα

Effect of Asymmetries
The effect of aerodynamic and inertial asymmetries can be con-

sidered by introducing constant normal forces and moments when
the angle of attack is zero. The body asymmetry is a forcing func-
tion of frequency pB in the nonrolling axis system, whereas the tail
asymmetry is a forcing function of frequency pT . With temporary
disregard for the gravity term given by Eq. (35), the differential
equation of motion would be

ξ̃ ′′ + A1ξ̃ ′ − A2ξ̃ = −FBeiφB − FT eiφT (38)

where

FB = (
ρSD3

/
2Iy

)[
CMB0eiφMB0 − ik2

t (φ
′
B − σφ′

g)CNB0eiφNB0
]

(39)

FT = (
ρSD3

/
2Iy

)[
CMT 0eiφMT 0 − ik2

t (φ
′
T − σφ′

g)CNT 0eiφNT 0
]

(40)

The particular solutions for these forcing functions take the form
ξ̃B = ξBeiφB and ξ̃T = ξT eiφT .

By substitution of the particular solutions in Eq. (38), the follow-
ing expressions for the constants are obtained:

ξB = FB

/(
φ

′2
B − A1iφ′

B + A2

)
(41)

ξT = FT

/(
φ

′2
T − A1iφ′

T + A2

)
(42)

Equivalent Fixed-Tail Rocket
For a given slightly unsymmetrical free-rolling tail rocket, a dy-

namically equivalent fixed-tail configuration can be defined by in-
troducing the equivalent gyroscopic roll rate φ

′
g of Eq. (30) and the

modified Magnus moment coefficient derivative Cm̂pα of Eq. (32).
The differential equation of motion will be

ξ̃ ′′ + A1ξ̃ ′ − A2ξ̃ = A3 − FBeiφB − FT eiφT (43)

where the coefficients A1, A2, A3, FB , and FT are given by Eqs. (33),
(34), (35), (39), and (40), respectively. For steady-state conditions,
the general solution of Eq. (43) is

ξ̃ = ξ̃g + K1eiφ1 + K2eiφ2 + ξBeiφB + ξT eiφT (44)

where

ξ̃g = A3/A2, K j = K j0eλ j s, φ j = φ j0 + φ′
j s

λ j + iφ′
j = (1/2)

[−A1 ±
√

A2
1 + 4A2

]
(45)

and ξB and ξT are given by Eqs. (41) and (42).

Resonance
With disregard for gravity effects, the last two terms in Eq. (44)

can be considered the steady-state trim angles corresponding to body
and tail asymmetries, when the modal waves have damped to neg-
ligible magnitudes:

ξ̃ = ξBeiφB + ξT eiφT (46)

These trim angles are body and tail fixed,8 and, accordingly, they
rotate at pB and pT , respectively, in nonrolling axes as shown in
Fig. 2. In body- and tail-fixed axes, their magnitude and orientation
are given by Eqs. (41) and (42), respectively:

ξB = FB

/(
φ′2

B − A1iφ′
B + A2

) = FB/(ReB − iImB) (47)

ξT = FT

/(
φ′2

T − A1iφ′
T + A2

) = FT /(ReT − i ImT ) (48)

where ReB,T and ImB,T are the real and imaginary parts of the
denominators. By the introduction of Eqs. (33), (34), and (30) in
Eqs. (47) and (48)

ReB = φ′2
B (1 − σB) − σT φ′

T φ′
B + M (49a)

ImB = φ′
B(H − σB T ) − σT φ′

T T (49b)

ReT = φ′2
T (1 − σT ) − σBφ′

Bφ′
T + M (50a)

ImT = φ′
T (H − σT T ) − σBφ′

B T (50b)

where

H = C∗
Lα − C∗

D − k−2
t

(
C∗

mq + C∗
mα̇

)
(51a)

T = C∗
Lα + k−2

a C∗
m̂ pα (51b)

M = k−2
t C∗

mα (51c)

Fig. 2 Body and tail trim angles.
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Focusing on the tail term of Eq. (48), if ReT becomes zero at any
trajectory point, the familiar situation of linear resonance8 occurs,
characterized by high trim amplitudes and a −90-deg phase shift
with respect to the zero roll rate trim angle orientation. ReT is zero
when

φ′
T = φ′

T r = σBφ′
B

2(1 − σT )
+

√
σ 2

Bφ′2
B

4(1 − σT )2
− M

(1 − σT )
(52)

The resonance frequency increases almost linearly with the σBφ′
B

term, compared to the fixed tail case where the crossover frequency
is

φ′
Fr =

√
−M/(1 − σ) ≈ √−M (53)

For realistic inertial and body rate figures, Eq. (52) gives a frequency
of resonance that is only 1–2% higher than the value for zero body
spin, even in dealing with inertially low slender configurations and
high body rates. Thus, for practical purposes, the resonance still
takes place when the tail rate matches the zero spin pitch frequency:

φ′
T r ≈

√
−M/(1 − σT ) ≈ √−M (54)

An identical derivation and remarks can be made concerning the
body term given by Eq. (47):

φ′
Br = σT φ′

T

2(1 − σB)
+

√
σ 2

T φ′2
T

4(1 − σB)2
− M

(1 − σB)
≈ √−M (55)

In body- and tail-fixed axes, respectively, the resonant trim angles
are

ξBr = FB/−iImB = FB/−i[φ′
Br (H − σB T ) − σT φ′

T T ] (56a)

ξT r = FT /−iImT = FT /−i[φ′
T r (H − σT T ) − σBφ′

B T ] (56b)

The changes in T due to reduced Magnus moments at the high
resonant trim angles (Cm̂ pα ≺ Cmpα), are considerably lessened by
T being multiplied by σB,T .

The presence of cross terms in Eqs. (52), (55), and (56) do not
significantly alter the resonance frequencies or the trim angles re-
sulting from the values for zero body or tail spin. Figure 3 shows the
total trim angles in a case where the static trim angles (zero spin),
corresponding to body and tail asymmetries, are both 0.5 deg. The
influence of body or tail roll rates on the peak resonant trim tail or
body angles is negligible.

Even though they are very weakly coupled, body and tail trim
angles act jointly. Figure 4 shows the total body trim angle and a
vertical plane passing through the peak trim tail line.

Under the assumption that the tail is at resonance φ′
T = φ′

T r ≈√−M , the contribution of the body trim angle is not negligible for
body rates close to the resonant value, φ′

Br ≈ −M , near or at the
point indicated by the arrow. Figure 5 shows the situation as seen
from the tail-fixed axes system.

Fig. 3 Body and tail trim angles.

Fig. 4 Body trim angle and tail trace plane.

Fig. 5 Trim angle in tail-fixed axes.

The resulting complex angle of attack is the sum of a fixed com-
ponent ξT r that is due to the resonant tail trim angle and a rotating
component ξB , which is in turn due to the body trim angle. Note
that ξT r is the result of the amplification and the shift of −90-deg
of the static tail trim value ξT st. The rate of the ξBcomponent equals
the difference between body and tail rates. For positive spin rates,
ξBrotates counterclockwise if pT r > pB , and clockwise if pB > pT r .
If the difference between pB and pT r decreases, ξB increases up to
the resonance value when pB = pBr = pT r . At this point, the con-
figuration has turned into a fixed-tail rocket.

Resonance Lock-In
Linear resonance caused by small asymmetries does not justify

the destructive behavior sometimes shown by unguided rockets
rolling near the pitch frequency.9,10 Because of the continuously
changing environment, the passage through resonance should only
slightly affect the angular motion of the missile. The contribution
of nonlinear induced roll moments, due to trim angles caused by
aerodynamic11 and inertial12 asymmetries, may push the missile into
a state of sustained resonance where induced roll moments cancel the
roll commanded by the deliberated fin cant. This so-called lock-in
condition is accompanied by pitch–yaw motions varying from slight
disturbances to the large angular amplitudes (catastrophic yaw)11

due to highly nonlinear pitch and yaw moments or to a decreased
damping in yaw.13 The resonance lock-in condition is nonlinear in
nature, and it is characterized by a strong degree of coupling among
the pitch, yaw, and roll channels.

A nonlinear dynamic model of sustained resonance that preserves
lateral motion linearity is feasible,14 because it allows nonlinear in-
duced moments to be present in the roll channel. The assumption
of lateral motion linearity implies that any roll position-dependent
component of the transverse force or moment is neglected. The
model precludes the forecast of catastrophic yaw unless this is con-
sidered to be the result of a decrease of the yaw damping level.13

According to this model, the steady-state lateral response to the
aerodynamic trim takes the form of Eq. (46):

ξ̃ = ξBeiφB + ξT eiφT (57)
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and the time-dependent roll equation for the tail is

IxT ṗT = qd SD[ClδT δ + ClpT (pT D/V ) + CliT ] − κ(pT − pB)

(58)

where a nonlinear induced roll moment coefficient and the bearing
friction moment were included.

By the use of dimensionless distance s as an independent variable
again,

φ′
T = pT D/V, φ′′

T = (D/V )2
[

ṗT + (V/D)C∗
D pT

]
After a few derivations, Eq. (58) becomes

φ′′
T + φ′

T (K pT + V f T /V ) − (V f T /V )φ′
B − Kδ − KiT = 0 (59)

where

K pT = −(
C∗

D + k−2
aT Cl∗

pT

)
(60a)

Kδ = k−2
aT Cl∗

δT δ (60b)

V f T = k−2
aT (κ/mT D) (60c)

KiT = k−2
aT Cl∗

iT (60d)

Similarly, the body roll equation becomes

φ′′
B + φ′

B[K pB + (V f B/V )] − (V f B/V )φ′
T − Ki B = 0 (61)

where definitions (60) still apply by simply changing the subscript
T to B.

Nonlinear induced roll moments Cli B and CliT are due to angles
of attack originated by configurational asymmetries and c.m. off-
sets. They augment with the total angle of attack and vary with the
orientation of the angle-of-attack plane with respect to body- and
tail-fixed axes θB,T . For a configuration possessing n-gonal symme-
try, where n is the number of covering operations15 resulting from
its rotational symmetry, the induced roll moment may be expressed
by a Fourier sine series in θ . By retention of the first term in this
series, in terms of the angle of attack in fixed axes, the induced roll
moment is

Cli B,T = −iCB,T

(
ξ n

b,t − ξ̄ n
b,t

)/
2 (62)

In a symmetric body with a laterally offset mass center, the induced
roll moment takes the form of Eq. (62) for n = 1 and CB = r̂CNα

(Refs. 10 and 14). A cruciform tail has an induced roll moment,
taking the form of Eq. (62) for n = 4. Figure 6 shows the induced
roll moment for a cruciform tail at θT = 22.5 deg.

The moment is usually negative at small angles of attack,9 becom-
ing positive for angles greater than a certain value (α∗ ≈ 15 deg).

Note that ξb,t is the total angle of attack as seen from the body
and the tail, respectively:

ξb = ξB + ξT ei(φT − φB ) (63)

ξt = ξT + ξBei(φB − φT ) (64)

The total angle of attack, from Eq. (63) or Eq. (64), is the sum
of a fixed component ξB,T and a rotary component spinning at the

Fig. 6 Tail-induced roll
moment.

difference between body and tail roll rates. Under the assumption
that body and tail rates are considerably differentiated, the rate of
the spinning components is large, and the induced roll moments
may be assumed to be the result of the average values of Eqs. (63)
and (64), ξB and ξT .

Therefore,

Cli B,T = −iCB,T

(
ξ n

b,t − ξ̄ n
b,t

)/
2 ≈ −iCB,T

(
ξ n

B,T − ξ̄ n
B,T

)/
2 (65)

For a body of revolution with a mass center offset,

Ki B = −i

2
k−2

aB r̂C∗
Nα

m

m B
(ξB − ξ̄B)

= k−2
aB r̂C∗

Nαk−2
t C∗

MB0(cos φMB0ImB + sin φMB0ReB)

Re2
B + Im2

B

(66)

where the C NB0 term describing the forcing function for the body
of Eq. (39) was ignored,

FB = (ρSD3/2Iy)CMB0eiφMB0 = k−2
t C∗

MB0(m B/m)eiφMB0 (67)

For a cruciform tail,

KiT = −i

2
k−2

aT C∗
T

(
ξ 4

T − ξ̄ 4
T

) = k−2
aT C∗

T

∣∣FT

∣∣4

[Re2
T + Im2

T ]4

{
4cos4φMT 0

(
Re2

T

− Im2
T

)
ReT ImT + sin4φMT 0

(
Re4

T + Im4
T − 6Re2

T Im2
T

)}
(68)

where the CNT 0 term of the forcing function for the tail of Eq. (40)
was ignored,

FT = (
ρSD3

/
2Iy

)
CMT 0eiφMT 0 = k−2

t C∗
MT 0(mT /m)eiφMT 0

= |FT |eiφMT 0 (69)

Equations (47), (48), (57), (59), and (61) and expressions (49),
(50), (60), (66), and (68) describe the dynamics of the system. Sus-
tained resonance occurs when Eq. (59) or Eq. (61) has a constant
steady-state solution near the resonance frequency φ′

T r ≈ √−M or
φ′

Br ≈ √−M , respectively. No simultaneous occurrence of both so-
lutions is considered here because this would correspond to the
fixed-tail case.

Steady-state solutions of Eqs. (59) and (61) can be interpreted
graphically. If φ′

B attains a steady-state value (φ′′
B = 0), Eq. (61) is

equivalent to finding the intersection between a plane π(φ′
B, φ′

T )
and the surface Ki B(φ′

B, φ′
T ):

φ′
B[K pB + V f B/V ] − (V f B/V )φ′

T = Ki B (70)

To illustrate the dynamics of the system, a special case is considered.
For the particular arrangement of body asymmetries shown in Fig. 7,
the initially (pB = 0) induced roll moment is zero because the static
normal force Nst is aligned with the c.m.

With increasing pB , the trim angle shifts counterclockwise, grow-
ing to the peak value at resonance, where the associated normal force
Nr yields the maximum positive roll moment. For this particular
case, the intersection given by Eq. (70) between the plane and the
surface when the frictional term (V f B/V ) is neglected is shown in

Fig. 7 Laterally offset c.m.
and trim response.
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Fig. 8 Plane and induced roll moment without friction.

a)

b)

Fig. 9 Plane and induced roll moment with friction.

Fig. 8. The intersections of π and Ki B give two types of stable solu-
tions, φ′

Be = 0 ∀ φ′
T and φ′

Be ≥ φ′
Br ∀ φ′

T for initial body rates below
and above φ′

Br , respectively. Again, the presence of cross terms (φ′
T )

in Ki B do not significantly alter the bidimensionality of the induced
roll surface.

Figures 9a and 9b depict the effect of tail–body friction in two
different static body trim angles. Steady-state solutions for nonneg-
ligible bearing friction are not φ′

T independent.
The body roll acceleration for the case of Fig. 9b, φ′′

B =
Ki B(φ′

B, φ′
T ) − π(φ′

B, φ′
T ), is shown in Fig. 10a. The behavior of the

system can be described on the planform view shown in Fig. 10b.
Under the assumption that the tail lacks configurational asymme-

tries (FT = 0), the trim angle, as seen from the tail in Eq. (64), is
reduced to the spinning component ξt = ξBei(φB − φT ). The average
tail-induced roll moment and KiT are zero. Steady-state solutions
of Eq. (59) are then on a straight line of the following equation:

φ′
T e = Kδ + (V f T /V )φ′

Be

K pT + V f T /V
(71)

a)

b)

Fig. 10 Body roll acceleration zones.

A free-rolling tail configuration departing from point A will follow
a trajectory (φ′

B, φ′
T ) similar to that indicated by the arrow. The

fin cant accelerates the tail arrangement quickly at the beginning
and the body rate increases, driven by the bearing friction torque.
The steady-state rate φ′

Be is achieved at a point on the borderline
(φ′′

B = 0) where the driving torque equals the body damping in roll
[π(φ′

B, φ′
T ) = 0]. At this line, Ki B (Fig. 9b) is negligible and Eq. (70)

is reduced to the borderline,

K pBφ′
Be = (V f B/V )(φ′

T e − φ′
Be) (72)

The intersection of the lines given by Eqs. (71) and (72) deter-
mines the specific borderline point at which steady-state conditions
(φ′

Be, φ
′
T e) are attained.

If the configuration departs from point B, for example, by spinning
the body with a fluted nozzle, a similar comportment is shown, ar-
riving at the steady-state condition (φ′

Be, φ
′
T e). When departing from

point C, the configuration attempts to attain the steady-state solution
given by the intersection of lines [Eqs. (71) and (72)], following the
dotted arrow in Fig. 10b. When touching the line of zero body roll
acceleration due to the induced roll moment, body lock-in occurs at
φ′

B ≈ φ′
Br ≈ √−M . From this point, the tail rate increases up to the

equilibrium value on the steady-state solution line given by Eq. (71):

φ′
T e ≈ Kδ + (V f T /V )

√−M

K pT + V f T /V
(73)

The bearing friction moment couples the body and tail roll channels
and may affect the onset of lock-in conditions depending on the
initial conditions. For the case shown in Fig. 9a, the induced roll
moment surface does not allow passage of configurations departing
from points where φ′

B 
 φ′
Br . As before, when touching the line of

intersection between the plane and the induced roll moment surface,
body lock-in occurs at φ′

B ≈ φ′
Br ≈ √−M , and again the tail rate

moves to the equilibrium value given by Eq. (73) (not represented).
For the case shown in Fig. 8, the channels are completely uncoupled,
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and the tail attains the zero friction equilibrium rate:

φ′
T e = Kδ

K pT
(74)

In the absence of bearing friction, possible interference between
channels affecting lock-in conditions can also occur in the case
outlined in the preceding section.

If the body is at lock-in, and the tail rate is near the resonance
value, the slowly spinning contribution of a trim tail angle (FT �= 0)
in Eq. (63) cannot be ignored. The significant periodic fluctuations
of the body trim angle around the average value ξBr give raise to
corresponding low-frequency fluctuations of the body-induced roll
surface, thus altering body lock-in conditions. The specific situa-
tion presented to show the behavior of the system is not the usual
one. For most revolving shells and bodies, K pB is negative because
k−2

aB Cl∗
pB ≺ 0 is only one-third the size of C∗

D . (On the other hand,
K pT is usually positive.5,14) The plane then has a negative slope,
as shown in Fig. 11a. For the particular arrangement of asymme-
tries of Fig. 7, reproduced in the upper part of Fig. 11a, no lock-in
condition can take place. The single steady-state solution is then the
line φ′

Be = 0 ∀ φ′
T .

By the limitation of all possible body configurational asymmetries
to lateral c.m. offsets, the body trim pitch moment is caused by
the drag force14 with the lever arm r̂ . The associated static normal
force Nst is aligned with the c.m. in the direction opposite to the Y -
axis, causing a permanent negative roll moment as shifting occurs.
Under these circumstances, lock-in conditions are again possible
(Fig. 11b).

The fact that K pB is usually negative can be questioned if the
curvature of the trajectory is introduced. (This consideration en-
tails an additional inconsistency in the model because, to preserve
lateral motion linearity, a flat trajectory is assumed.) In this case,
Eq. (4) presents an additional term due to gravity: (V ′/V ) = −C∗

D −

a) b)

Fig. 11 Plane and induced roll moment.

g sin �(D/V 2), where � is the trajectory angle, and the expression
for K pB given by Eqs. (60) becomes

K pB = −(
C∗

D + k−2
aB Cl∗

pB + g sin �D
/

V 2
)

(75)

On the descending limb of the trajectory, � is negative; therefore,
positive values of K pB can be attained. Under the assumption that
lateral c.m. offsets are the only normal body configuration asym-
metries, the associated negative roll moments prevent body lock-in
conditions from developing, provided that K pB is positive (Fig. 12).

If body lock-in is excluded, the chance of sustained resonance
is greatly reduced because large angles of attack are required10 to
cause sufficient tail-induced roll moment (Fig. 6) for tail lock-in
occurrence. A similar derivation can be made regarding tail lock-in
conditions. The modulation derived from its four-gonal symmetry

Fig. 12 Plane and induced roll moment for positive KpB.
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a) b)

Fig. 13 Free-fall stores for a) body and b) tail rates.

gives rise to several peaks on the tail-induced roll surface, making
analysis more complicated.

Comments on Real Flight Behavior
The ability of the present extension of the linear theory to predict

actual flight behavior accurately shares the limitations of the lin-
earized motion of fixed-tail configurations. Because of the nonlinear
nature of motion, the frequency range of large amplitudes and their
magnitude cannot be predicted accurately. Even the notion of reso-
nance has real sense only for linear systems.16,17 Comparisons with
real flight data10 or with three-degree-of-freedom computations17

for fixed-tail configurations, although revealing similarities, show
up in the inaccuracies of linear theory. The application to free-rolling
tail configurations introduces the additional difficulty of two forcing
functions. The principle of superposition does not hold for nonlinear
systems, and the resulting oscillatory motion contains the exciting
frequencies (as in the linear case), plus higher harmonics and com-
bination tones.16 In spite of these drawbacks, linear theory is the
starting point for consistent and comprehensive extensions into the
nonlinear range,17–20 explaining the nature and origin of real flight
behavior. Within these limits, linear theory can explain successful
flights of free-rolling tail stores and the poor behavior of the same
stores with fixed stabilizers.4 In Ref. 4, real flights of fixed tail bombs
(group A) with fin cants ranging from 1.5 up to 3 deg exhibit large
amplitude (up to 30 deg) circular yawing motions that persist for
up to 6 s after release. In Ref. 9, an explanation of this behavior,
characteristic of roll lock-in, is provided for bombs experiencing
disturbance oscillations on release. However, the same stores with
free-rolling tails perform satisfactorily with oscillations decaying
smoothly and rapidly after the release disturbance. Spin histories of
the stabilizer and forebodies of the free-rolling tail configurations
733, 734, and 735 are shown in Fig. 13 together with rounds 737 and
738 with monoplane tails. The tail rates of rounds 733 and 734 (with
fin cants of 3.4 and 1.4 deg, respectively) quickly accelerate after
release to a roll rate well above the pitch frequency (slightly below
1 Hz), whereas the forebody rates show a very slow growth below
the pitch frequency. The tail of the round 735 (with only 0.24 deg
of fin cant), spins at approximately the pitch frequency from 28 s
after release until impact. However, the incidence does not exceed
about 1 deg over this period. For these cases, the tail rate passage
through resonance does not give rise to large-amplitude oscillations.
According to the present extension of the linear theory, this can be
explained by the separation between body and tail rates. This margin
prevents the coalescence of possibly large trim angles and induced
roll moments at the pitch frequency crossing, in contrast with the
fixed-tail cases.

Conclusions
This paper presents an analytical treatment of the linear dynam-

ics of free-rolling tail configurations in free flight. A dynamically

equivalent fixed-tail rocket is defined, and the effect of asymmetries
is introduced by small forcing functions at body and tail rates.

Two resonance conditions appear when crossings of the pitch
frequency occur. No significant interference between resonance
conditions exists for realistic inertial and rate figures. For practical
purposes, the resonance frequency and the associated peak trim an-
gle in one roll channel do not depend on the rate figures of the other.
The dynamic effect of the trim angles acting simultaneously results
in an epicyclic motion in nonrolling axes. In body- or tail-fixed axes,
the total trim angle is the sum of the in-channel fixed component
plus the rotary component due to the other channel spinning at the
difference between rates.

The bearing friction couples the body and tail roll rates, thus af-
fecting the steady-state conditions. Nonnegligible friction moments
are likely to be present in the dry bearings required for long-term
storage and military use.

The bearing friction and the proximity between rates can affect
body or tail lock-in conditions. The additional degree of freedom
separates body and tail lock-in occurrence and represents a compar-
ative advantage for some types of vehicles. This can be exploited
through careful tailoring of the pitch frequency crossings.
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